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Abstract: We study three prominent diagnostics of chaos and scrambling in the context
of two-dimensional conformal field theory: the spectral form factor, out-of-time-ordered
correlators, and unitary operator entanglement. With the observation that all three quan-
tities may be obtained by different analytic continuations of the torus partition function,
we address the connections and distinctions between the information that each quantity
provides us. In this process, we study the emergence of irrationality from “large-N" limits
of rational conformal field theories (RCFTs) as well as the explicit breakdown of rationality
for theories with central charges greater than the number of their conserved currents. Our
analysis begins to elucidate the intermediate dynamical behavior of theories that bridge the
gap between integrable RCFTs and maximally chaotic holographic CFTs.
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1 Introduction & background
Many-body quantum chaos has garnered immense attention in recent years from a variety of
fields due to its key role in the understanding of the emergence of thermal physics [1, 2] and
the emergence of Einstein gravity [3–5]. Given this attention and the inherent complexity
of characterizing quantum chaos, a slew of diagnostics have been proposed, though there is
no general consensus on which ones are superior. Fig. 1 illustrates the web of various chaos
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diagnostics1 that have been studied in the literature. Previous efforts from high energy,
condensed matter, and quantum information communities have partially established the
connections among different measures in selective models, but a more general and unifying
scheme remains elusive. Moreover, most of these results have been in the context of systems
with finite dimensional local Hilbert spaces. One of our main goals is to extend these
connections to quantum field theory.
In this work, we begin to address this question by connecting three prominent diagnos-
tics in the web: the spectral form factor (SFF), out-of-time-ordered correlators (OTOC),
and operator entanglement. While each one of these initially seems like a very unique di-
agnostic, we show that in the context of 2D conformal field theory (CFT), all three may be
computed by different analytic continuations of the torus partition function. As such, the
three aforementioned quantities are three different ways of reading out the information that
the torus partition function contains regarding the integrability of the theory. It is natural
that the partition function becomes the object of central interest in that it is directly related
to the spectrum of the theory, the statistics of which are often considered a smoking gun
for chaos2.
In the rest of the introduction, we introduce the three main players and demonstrate
how they unify in conformal field theory.
Spectral form factor Spectral features of a Hamiltonian are good indicators of the
ergodic nature of a system. While the level spacing of a Hamiltonian is certainly revealing,
the spectral form factor contains further information because it probes the level statistics
of both close and far-separated eigenvalues. The spectral form factor is defined as
g(β, t) ≡ |Z(β + it)|2 =
∑
n,m
e−β(Em+En)ei(Em−En)t (1.1)
where the inverse temperature β is present as a regulator to cut off the high-energy modes.
Later “times" probe correlations between eigenvalues that are closer. For systems with
discrete spectra, the SFF plateaus in the late time limit, where the time scale at which
the plateau occurs is determined by the minimal level spacing. This plateau is due to only
the m = n terms contributing significantly to the sum because the others are oscillating
wildly. Assuming no degeneracy in the spectrum, the plateau magnitude will be Z(2β).
In comparison, during the earlier time range, the corresponding energy scale that is being
probed is much larger than the mean nearest level spacing, and the SFF becomes sensitive
to the “spectral rigidity," namely the repulsion of energy levels that are far away from each
other. In the presence of such rigidity, the SFF displays a ramp feature that increases
linearly with time before transitioning into the plateau. Before the spectral rigidity sets
in, the SFF typically exhibits a non-universal decrease in time, which is expected from
the increasing cancellations from the oscillatory phases as t becomes non-zero. This initial
reduction together with the ramp leads to a dip feature in the SFF.
1We have taken this terminology from Ref. [6].
2Generally, the level spacings in integrable theories obey Poisson statistics, e−ω, while non-integrable
theories follow the Wigner surmise, piω
2
e−piω
2/4 [7].
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Figure 1. We lay out a web of chaos diagnostics. In this paper, we focus on the three highlighted in
red. The numbered connections have been studied as follows: (1-3) Related in this paper through
analytic continuations of the torus partition function. (1) Higher point OTOCs were related to
higher-point spectral form factors in Ref. [8] and averaged OTOCs were further equated with the
SFF in quantum field theory in Refs. [9, 10]. (3) In spin systems, the Rényi operator mutual
information is also directly related to the average OTOC [11]. (4,6-7) Rényi entropy of disjoint
intervals after a global quantum quench may also be computed by a particular analytic continuation
of the torus partition function [12], though we do not focus on this in this paper. (5) The OTOC was
equated with the thermally averaged Loschmidt echo in Refs. [13, 14]. This was further explored in
Ref. [6]. (8) The relative entropy of perturbed thermal states was related to OTOC in Ref. [15]. (9)
2k-point OTOCs were equated with kth frame potentials in Ref. [16]. (10-12) The rate of growth of
Lanczos coefficients, a notion of operator complexity was shown to bound the Lyapunov exponent
of OTOCs in Ref. [17]. Both the bounds on this rate and the Lyapunov exponent were shown
to follow from the eigenstate thermalization hypothesis in Ref. [18]. (13) The circuit complexity
was suggested to be related to the logarithm of the Loschmidt echo in Ref. [6]. (14) The frame
potentials were shown to bound the circuit complexity in Ref. [8]. (15-16) The entanglement content
of a Heisenberg time-evolved local operator may be shown to be related to relative entropy of excited
states and the OTOC of the local operator with twist fields [19]
The prominent dip-ramp-plateau structure of the SFF has been long studied in the
context of random matrix theory, where the detailed shape of the (ensemble averaged)
curve depends on the particular ensemble that the matrices are drawn from. It has also been
observed in several chaotic models, such as the SYK model [20], with the shape determined
by the symmetries of the Hamiltonian. Generically, one has to employ an averaging scheme
to find the characteristic dip-ramp-plateau. While there is a natural averaging scheme
when drawing coupling constants from an ensemble as in SYK, the averaging is more subtle
in theories with fixed Hamiltonians. The early-time decay of the spectral form factor is
self-averaging, whereas the late-time oscillations can be controlled by a “progressive time
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averaging" scheme3 [21]
gprog(β, t) =
1
100
50∑
k=−50
g(β, t+
k
100
αt) (1.2)
where the linear-t time window for averaging is equivalent to fixed time window in log t,
0 < α < 2 is a constant that can be tuned to minimize deviations from the early self-
averaging part of the curve, and the number of time steps 100 in each time window is chosen
empirically to ensure the smoothness of the curve at late times and to be computationally
tractable. As a convenient alternative averaging scheme, progressive time averaging of a
single realization of random matrix was shown to provide a good approximation to the
usual ensemble average for the Gaussian random matrices [21], in contrast to ordinary time
averaging with fixed time window which either significantly deviates for the early-time value
or fails to effectively suppress the late-time noise.
OTOC The out-of-time-ordered correlator (OTOC) [22] has been the central object stud-
ied when searching for a diagnostic of the butterfly effect in quantum systems [3–5]. The
OTOC is motivated from the thermal expectation value of the commutator squared of
operators V,W separated in space and time with inverse temperature β
−〈[V,W (t)]2〉β = 〈VW (t)W (t)V 〉β + 〈W (t)V VW (t)〉β − 〈VW (t)VW (t)〉β − 〈W (t)VW (t)V 〉β.
(1.3)
The first two terms are time ordered and rather boring, and it is the latter out-of-time-
ordered correlation functions that diagnose chaos. In particular, we will study
Cβ(x, t) ≡ 〈V
†W †(t)VW (t)〉β
〈V †V 〉β〈W †W 〉β . (1.4)
Qualitatively speaking, exponential decay in early time of the OTOC for generic operators
provides a necessary condition for quantum chaos, where the decay rate is characterized by
a quantum Lyapunov exponent. The correlator approaches a trivial value on the order of
the “scrambling time" for chaotic systems. The final value of the correlation function can be
thought of as an overlap between states with different ordering of operator insertions. Thus,
if (1.4) decays to zero, the states are very different and the butterfly effect has ensued, the
late-time rate of decay indicating the strength of scrambling. In particular, this late-time
behavior is what we mean by “scrambling" in the context of OTOCs [3, 4]. This is distinct
from another information-theoretic notion of scrambling that we will introduce in the next
section, though under certain conditions, these may be shown to be related (see Fig.1).
Importantly, for certain systems, the correlator reaches an O(1) constant, indicating that
information is retained of the initial state.
3The conclusions we arrive at in this paper are largely insensitive to the averaging scheme. However,
we empirically find the progressive time averaging to capture the coarse-grained features of the spectral
form factor most cleanly. Furthermore, this averaging scheme does not require one to have an ensemble of
theories.
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Let’s briefly review how to compute the OTOC in conformal field theory [4]. Unlike
Lorentzian field theory, in Euclidean field theory, there is only a single operator ordering
within the correlation functions. We must therefore be careful with our analytic continua-
tions to Lorentzian time where there are multiple ordering choices. We are concerned with
the Euclidean thermal four-point function
〈W (z1, z¯1)W (z2, z¯2)V (z3, z¯3)V (z4, z¯4)〉β = 1
z2hw12 z
2hv
34
1
z¯2h¯w12 z¯
2h¯v
34
f(z, z¯) (1.5)
where z = (z1−z2)(z3−z4)(z1−z3)(z2−z4) is the cross ratio, and f(z, z¯) depends on the full operator content
of the theory. The key point is that different analytic continuations to Lorentzian time
correspond to different orderings of the operators in Lorentzian signature. We take
z1 = e
(2pi/β)(t′+i1), z2 = e
(2pi/β)(t′+i2), z3 = e
(2pi/β)(x+i3), z4 = e
(2pi/β)(x+i4),
z¯1 = e
−(2pi/β)(t′+i1), z¯2 = e−(2pi/β)(t
′+i2), z¯3 = e
(2pi/β)(x−i3), z¯4 = e(2pi/β)(x−i4),
(1.6)
such that the ordering of the operators in the correlation function from left to right corre-
spond to smallest to largest i. At the end of the computation, the ’s should be sent to 0.
When t x,
z ' −e(2pi/β)(x−t)∗1234, z¯ ' −e−(2pi/β)(x+t)∗1234, (1.7)
where we use the usual notation
ij ≡ i
(
e(2pi/β)ii − e(2pi/β)ij
)
. (1.8)
Then, one just needs to evaluate the Euclidean four-point function (1.5) with this parametriza-
tion.
Operator entanglement The entanglement measures of unitary time evolution opera-
tors capture the delocalization of information in quantum systems, and have been studied
as an information-theoretic probe of chaotic dynamics in a variety of quantum systems
[11, 23–30]. Here we briefly review the construction of operator entanglement measures, in
particular the bi- and tri-partite operator mutual information.
Under channel-state duality [31, 32], the time evolution operator acting on Hilbert
space H
U(t) = e
(−it−)H =
∑
a
e(−it−)Ea |a〉〈a| (1.9)
can be mapped to a state living in the Hilbert space space of operators on H which is
isomorphic to the doubled Hilbert space H1 ⊗H2
|U(t)〉 = N
∑
a
e(−it−)Ea |a〉1|a∗〉2 (1.10)
where  is a regulator, N is a normalization constant, and |a〉 is an eigenstate with energy Ea
of the Hamiltonian H. We refer H1,2 as the input and output Hilbert spaces, respectively.
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Note that the regulator is only necessary when working with continuum field theories and
the operator entanglement is useful for finite-dimensional systems as well.
Similar to constructing entanglement measures for the states living in the original
Hilbert space H, one can consider the bipartitioning of the total Hilbert space into HA and
its complement HA¯. The nth Rényi operator entanglement entropy of subsystem A is then
defined by
S
(n)
A =
1
1− n log[TrAρ
n
A], (1.11)
where ρA = TrA¯|U(t)〉〈U(t)| is the reduced density matrix on A. With S(n)A , one can
further introduce the n-th bi- and tri-partite operator mutual information (BOMI and
TOMI), defined as linear combinations of entropies4
I(n)(A,B) = S
(n)
A + S
(n)
B − S(n)A∪B, (1.12)
and
I
(n)
3 (A,B1, B2) = I
(n)(A,B1) + I
(n)(A,B2)− I(n)(A,B1 ∪B2) (1.13)
respectively, for three sub-Hilbert spacesHA,HB1 ,HB2 ⊂ H1⊗H2. Fig. 2 shows the generic
setup of BOMI and TOMI. Intuitively, BOMI characterizes the localization of information
sent by the unitary channel from A to B. BOMI of integrable theories, such as the free
fermion, can be readily interpreted by the so-called quasi-particle picture where localized
information carrying entities travel ballisticlly from A to B [33–35]. On the other hand,
TOMI represents the delocalization of information scrambled by the unitary channel. In
the context of operator entanglement, we are always referring to this delocalization when
we say “scrambling." In particular, a negative TOMI indicates that certain amount of
information of A is delocalized into the entire B1 ∪B2 after being processed by the unitary
channel and cannot be extracted by simply measuring B1 or B2 separately [11, 29]. By
definition, the quasi-particle picture describes dynamical processes where no information is
delocalized, so the TOMI is always trivial. However, in SYK and non-integrable spin chain
models, the late-time saturation value of TOMI was found to approach the value of the
Haar-random channel [11]. Furthermore, in holographic CFTs, the magnitude of late-time
TOMI grows linearly with the size of A, in contrast with constant or logarithmic growth in
certain non-holographic CFTs [29]. In this work, we will present a more systematic way of
understanding these scaling behaviors.
1.1 Unification through the torus partition function
Here, we remark on the interesting fact that the three quantities of interest may all be
obtained directly from the torus partition function, the distinctions only coming from the
4The dependence of the Rényi index, n, for BOMI and TOMI is not a priori trivial. However, the
kinematical factor (fixed by conformal symmetry) that describes the quasi-particle picture trivially depends
on n and violations of the quasi-particle picture at n 6= 1 imply violations at n = 1. Furthermore, different
Rényi entropies have been observed to act qualitatively similarly for operator entanglement in 2D CFTs
[29, 30]. We then argue that our focus on n = 2 in this paper captures the qualitative behavior of the other
Rényi entropies (including the von Neumann entropy) in the theories of interest.
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Figure 2. General setup of operator mutual information. H1,2 are the spatially 1-dimensional
Hilbert spaces represented by the horizontal black lines. The subsystems are represented by the
blue lines. The grey area in between the two Hilbert spaces indicates time evolution dictated by
U(t), with the arrow of time t pointing from Hinput to Houtput. (a) Bi-partite case, (b) Tri-partite
case. For TOMI, we generally take B1 and B2 to be a bipartition of the entire output Hilbert space.
analytic continuations of the modular parameters. We now make this explicit. This is a
straightforward statement for the spectral form factor which may be defined in terms of the
partition function
g(β, t) ≡ |Z(β + it)|2 . (1.14)
The modular parameters have been continued as
τ → i(β + it)
2pi
, τ¯ → − i(β + it)
2pi
. (1.15)
Moving on to the OTOC, in general there is an arbitrary choice of operators to use. It
was argued in Ref. [36] that twist fields present a natural choice5. Choosing twist fields is
natural because they are primary operators that are common to all CFTs (after appropriate
orbifolding). Moreover, we expect them to capture the main features of the seed theory
because they naturally probe the entire spectrum of the seed theory through their relation
to its torus partition function. While the OTOC of twist fields certainly is not always
identical to the OTOC of the other primary fields, for the above arguments, we argue that
they are a natural observable to study.
In this case, the cross-ratios and hence modular parameters of the partition function
must be analytically continued according to the prescription we have reviewed earlier. For
the Z2 orbifold, the monodromy around the singular point at z = 1 corresponds to a
modular ST¯ 2S transformation [36]
τ → τ
1 + 2τ
, τ¯ → τ¯ . (1.16)
where T¯ is the inverse of the T transformation i.e. τ → τ − 1. The anti-holomorphic
modular parameter does not pick up a monodromy. Because the twist-fields σ2 are in the
5We note that once we choose twist fields as our operators, the OTOC we are studying is no longer for the
original CFT, but rather a replicated theory with couplings between the replicas. An implicit assumption
of this paper is that studying OTOCs in the orbifold theory can tell us about the scrambling behavior of
the seed theory.
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Z2 orbifold theory, there is no distinction from anti-twists σ¯2 and they both have conformal
dimensions
hσ2 = h¯σ2 =
c
16
. (1.17)
It can be shown that the four-point function of twist fields on the complex plane may be
equated with the torus partition function as follows [37]
G2(z, z¯) ≡ 〈σ2(0)σ¯2(z, z¯)σ2(1)σ¯2(∞)〉 =
(
28z(1− z))−c/24 (28z¯(1− z¯))−c/24Z(τ, τ¯)
(1.18)
where (τ, τ¯) are the modular parameters of the flat torus related to the cross-ratios as
τ = i
K(1− z)
K(z)
, τ¯ = −iK(1− z¯)
K(z¯)
. (1.19)
Using (1.18), the OTOC at late times is then
Cβ = 2
−2c/3 |1− z|−c/12 |z|c/6Z
(
τ
1 + 2τ
, τ¯
)
. (1.20)
where the cross-ratios z, z¯ are listed in (1.7).
We are left with the evaluation of operator entanglement. We specifically consider the
second Rényi bipartite operator mutual information for intervals
A = [X2, X1], B = [Y2, Y1]. (1.21)
with A in the “input" Hilbert space and B in the “output." The Rényi entropies of A and B
separately are computed by two-point functions of twist-fields which are universal in CFT.
Thus, the nontrivial contribution to the mutual information comes from the Rényi entropy
of A ∪B which may be computed by a four-point function of twist fields
S
(2)
A∪B = − log〈σ2(z1, z¯1)σ2(z2, z¯2)σ2(z3, z¯3)σ2(z4, z¯4)〉 (1.22)
= − log
(
|z12z34|−c/2 |1− x|−c/2G2(x, x¯)
)
, (1.23)
where x and x¯ are the cross-ratios
x =
z12z34
z13z24
, x¯ =
z¯12z¯34
z¯13z¯24
. (1.24)
(To avoid notation confusion with the analytically continued cross-ratios in OTOC shown
in (1.7), here we opt for x, x¯ as the cross-ratios.)
Up to a constant factor, the second Rényi operator mutual information is then [29]
I(2)(A,B)(t) = log
[
2−2c/3 |x|c/6 |1− x|−c/12Z(τ, τ¯)
]
. (1.25)
After analytic continuation to Lorentzian time, the cross-ratios are given by
x =
sinh
[
pi
2(X1 −X2)
]
sinh
[
pi
2(Y1 − Y2)
]
cosh
[
pi
2(X1 − Y2 − t)
]
cosh
[
pi
2(X2 − Y1 − t)
] ,
x¯ =
sinh
[
pi
2(X1 −X2)
]
sinh
[
pi
2(Y1 − Y2)
]
cosh
[
pi
2(X1 − Y2 + t)
]
cosh
[
pi
2(X2 − Y1 + t)
] (1.26)
The TOMI is then computed as the linear combination (1.13).
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Spectral form factor OTOC Operator entanglement
Free fermion Periodic with trec = 2pi
(Sec. 2.1).
Saturation to a constant Cβ →(
eipi/12+e−ipi/6
)
2
(Sec. 2.2).
Quasi-particle picture I(2)3 = 0
[29] (Sec. 2.3).
RCFT Emergence of dip, (non-linear)
ramp, and plateaux in large m
limit of unitary minimal mod-
els M(m,m + 1) [38] and large
k limit of su(2)k WZW models
(Sec. 3.1.1 & 3.2.1).
Saturation to constant
(ST¯ 2S)00. This constant
decays to zero for large m
(M(m,m + 1)) and k (su(2)k)
(Sec. 3.1.2 & 3.2.2). This may
be compared to generic results
for RCFTs [39, 40] .
Approximate quasi-particle pic-
ture with constant late-time
TOMI related to modular data
I
(2)
3 = log
S200∑
h S
2
0h
(Sec. 3).
Irrational
CFT
Infinite recurrence time. Sus-
pected to mimic random ma-
trix theory with dip, ramp, and
plateau (Sec. 4).
Exponential decay as
e
−pi(c−1)t
12β t−
3
2 [41] (Sec. 4).
Scrambling restricted by the
number of conserved cur-
rents 0 ≤ I(2)AB1 , I
(2)
AB2
≤
pil(2ccurrents+c)
24
+
ccurrents−c
3
log 2 + logS00
(Sec. 4).
Compactified
Boson
(η /∈ Q)
Dip and plateau with no clear
ramp. Infinite recurrence time
(Sec. 4.1.1).
Polynomial decay
to zero [36] Cβ =
− pi
2 log
(
− 12∗34
16
e
− 2pi(t−x)
β
)
(Sec. 4.1.2).
Approximate quasi-particle pic-
ture, though nontrivial TOMI
that scales logarithmically with
system size [29] I(2)3 ∼ − log l/
(Sec. 4.1.3).
Holographic
CFTs
Dip, ramp, and plateau nearly
recovered by summing over
gravitational saddles beyond
thermal AdS and BTZ black
hole [42]. Reviewed in (Sec. 5.1).
Exponential decay as
∝ e−2pict/12β contrary to
the story for heavy-light OTOC
∝ e−2pi∆Ot/β . Thermal AdS
saddle dominates (Sec. 5.2).
Strong violation of quasi-
particle picture with TOMI
scaling extensively but not sat-
urating the theoretical bound
I
(2)
3 → −picl4 . Both BTZ black
hole and Thermal AdS saddles
contribute (Sec. 5.3).
Table 1. Summary of results and related works.
1.2 Summary of results
We summarize our results of studying the torus partition function in Table 1, pointing to
relevant references when appropriate.
The organization of the paper is as follows. In Section 2, we warm up by considering
free theories, setting a baseline for simple integrable behavior. In Section 3, we progress
to generic rational CFTs. Though rational, we find an emergent irrational structure as we
complicate the theories by systematically introducing more highest weight representations.
As concrete examples, we study the large m limit of the unitary minimal modelsM(m,m+
1) and the large k limit of su(2)k Wess-Zumino-Witten models. In Section 4, we take the
leap to irrational CFTs characterized by central charges larger than 1 and no extended
symmetry algebra beyond Virasoro. After explaining generic results for irrational CFT, we
study the compactified boson at irrational radius; despite having central charge c = 1, this
theory is not quite rational due to the infinite number of highest weight representations
and thus displays some interesting features of the breakdown of rationality. In Section 5,
we study conformal field theories with semiclassical holographic duals, which are known
to be “maximally chaotic." In particular, the OTOC of twist-fields corresponds to four
heavy operators, probing a different regime of scrambling than the heavy-light limit usually
studied. Consequently, we find a different exponential scaling. Finally, in Section 6, we
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Figure 3. Spectral form factor for a single free fermion with β = .5. The function is clearly periodic
and does not demonstrate anything close to random matrix statistics. The recurrence time is 2pi.
discuss future directions in unifying the chaos web.
2 Free theories
We warm up by considering free theories where the absence of interactions implies that
quantum information remains localized, as do Heisenberg operators. This will set a baseline
for the diagnostics that we are studying. To be explicit, we study the free massless fermion
with torus partition function
Z (τ, τ¯) = 1
2
(∣∣∣∣θ2(τ)η(τ)
∣∣∣∣+ ∣∣∣∣θ3(τ)η(τ)
∣∣∣∣+ ∣∣∣∣θ4(τ)η(τ)
∣∣∣∣) , (2.1)
where θi(τ) ≡ θi(0|τ), θi(z|τ) are theta functions6 and η is the Dedekind eta function.
2.1 SFF
From the expression (2.1) and the analytic continuation (1.15), it is straightforward to see
that the SFF of free fermion has a recurrence time
trec = 2pi. (2.2)
This is independent of the inverse temperature β. We show this in Fig. 3. As pointed out
in Ref. [38], one should restrict analysis to the time regime t < trec in order to properly
discuss if there is any random matrix theory-like behavior. Due to the regular sinusoidal
feature and small recurrence time, we obviously detect no chaotic spectral statistics.
2.2 OTOC
The theta and Dedekind eta functions have simple modular properties such that the parti-
tion function transforms as
Z (τ, τ¯)→ 1
2
(
eipi/12
∣∣∣∣θ2(τ)η(τ)
∣∣∣∣+ eipi/12 ∣∣∣∣θ3(τ)η(τ)
∣∣∣∣+ e−ipi/6 ∣∣∣∣θ4(τ)η(τ)
∣∣∣∣) (2.3)
6We use the conventions from Ref. [43] which we note are different from those in Mathematica and
Python.
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Figure 4. A cartoon of the quasi-particle picture for operator entanglement. At t = 0, the
quasi-particles (yellow) are emitted from region A and move at the speed of light. The quasi-
particle picture for operator entanglement dictates that the operator mutual information between
input region A and output region B is the number of quasi-particles located within region B that
originated from A (the overlap section between region B and the yellow area). On the left, we
display a sketch of the operator mutual information between A and B for the partially overlapping
configuration: after a certain time I(2)(A,B) starts to decrease due to the quasi-particles leaving
region B.
under the ST¯ 2S transformation. In the late-time limit, we can take the leading order terms
in the series
η(q) ' q1/24, θ2(q) ' 2q1/8, θ3(q) ' 1 + 2q1/2, θ4(q) ' 1− 2q1/2 (2.4)
such that
Z
(
τ
1 + 2τ
, τ¯
)
'
(
eipi/12 + e−ipi/6
)
2
|q|−1/24 '
(
eipi/12 + e−ipi/6
)
2
∣∣∣ z
16
∣∣∣−1/12 . (2.5)
Because c = 1/2 for the free fermion, we find
Cβ →
(
eipi/12 + e−ipi/6
)
2
(2.6)
which is a constant with absolute value very close to the early time value of unity, so little
information has been scrambled in the sense that was put forward in the introduction. We
attribute this minimal scrambling as an artifact of the coupling of the the two copies of the
theory induced by the orbifolding. We stress that this notion of information scrambling is
distinct from that of the late-time value of I3.
2.3 TOMI
As a free (trivially integrable) theory, the free fermion is known to be well-described by the
quasi-particle picture [34, 35]. Because the quasi-particle picture describes infinitely-living
localized objects carrying the entanglement, no information is ever delocalized. The quasi-
particle picture for operator entanglement is modified from that of a global quench but is
morally the same (see Fig. 4). This was confirmed for operator entanglement in CFT for
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both mutual information and logarithmic negativity in Refs. [29, 30]. It was found using
twist operators that the second Rényi bipartite operator entanglement is
I(2)(A,B)(t) =
c
8
log
(
cosh pi(Y2−X1+t)2 cosh
pi(Y1−X2+t)
2 cosh
pi(Y2−X1−t)
2 cosh
pi(Y1−X2−t)
2
cosh pi(Y2−X2+t)2 cosh
pi(Y1−X1+t)
2 cosh
pi(Y2−X2−t)
2 cosh
pi(Y1−X1−t)
2
)
.
(2.7)
Equivalently, we could have employed the expression involving the torus partition func-
tion (1.25). This leads to a trivial tripartite operator mutual information
I
(2)
3 (t) = 0, ∀t. (2.8)
Thus, the unitary evolution operator for free fermions does not delocalize any information,
as predicted by the quasi-particle picture.
3 RCFT
We now include interactions by considering generic rational CFTs; these are conformal field
theories with a finite number of representations of the Virasoro algebra, hence the partition
function is a finite sum over characters7
Z =
∑
h
χh(q)χ¯h(q¯). (3.1)
Before investigating specific families of RCFTs, we first make some universal analysis di-
rectly from the structure of the partition function.
OTOC It has been generically shown that the late-time behavior of OTOCs in RCFTs
is a constant value equal to the 00 component of the monodromy matrix [39, 40]
Cβ(x, t)→M00 = 1
didj
S∗ij
S00
, (3.2)
where di,j are the quantum dimensions of the operators in the OTOC and Sij is the matrix
element of the modular matrix. Thus, the OTOC of twist fields in the orbifold theory is
Cβ(x, t)→ 1
d2σ2
S∗σ2σ2
S00
. (3.3)
As we are unable to evaluate these modular matrix elements for orbifold CFTs, we directly
compute the late-time OTOC from the torus partition function; this may be viewed as a
way to extract modular data for the orbifold theory.
For the OTOC we are concerned with, the z, z¯ → 0 limit corresponds to late times.
Thus, only the vacuum character will contribute and the modular transformed partition
function reduces to
Z → (ST¯ 2S)00q−c/24q¯−c/24 = (ST¯ 2S)00z−c/12z¯−c/1222c/3 (3.4)
7We have chosen the diagonal modular invariant for simplicity, but non-diagonal theories should be
straightforwardly generalizable.
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Thus, the OTOC is8
Cβ → (ST¯ 2S)00. (3.5)
Note that this modular data is for the seed theory, not the orbifold theory. Thus, it is more
readily computable and we will work this out explicitly for specific models. (3.3) and (3.5)
imply a consistency condition in modular data for orbifold CFTs and their seed theories
1
d2σ2
S∗σ2σ2
S00
∣∣∣∣∣
orbifold
= (ST¯ 2S)00
∣∣∣
seed
. (3.6)
TOMI For the operator entanglement, we must consider different limits of the modular
parameters depending on the configurations of the intervals. We will consider the case
where B1 and B2 are adjacent and spatially semi-infinite. For definiteness, let us take
A = (0, l), B1 = (−∞, 0), and B2 = (0,∞), though the late-time behavior will end not
depending on these positions, only on the length of A. The cross-ratios for the different
subregions are
xAB1 → epi(t−l)/2
sinh pil2
cosh pit2
, x¯AB1 → e−pi(l+t)/2
sinh pil2
cosh pit2
xAB2 → e−pit/2
sinh pil2
cosh pi(l−t)2
, x¯AB2 → epit/2
sinh pil2
cosh pi(l+t)2
xAB → 1− e−pil/, x¯AB → 1− e−pil/ (3.7)
In the limit that x, 1 − x¯ → 0, needed for I(2)AB2 , the sum will be dominated by the
vacuum chiral character, but we must still sum over any anti-chiral currents [12]
Z = q−c/24
∑
h¯∈currents
χ¯h¯(q¯). (3.8)
By defining a Cardy-like asymptotic density of currents a
ρcurrents(L¯0) ∼ exp
(
2pi
√
ccurrentsL¯0
6
)
, L¯0 →∞ (3.9)
one can find [12]
Z → 2(c+ccurrents)/3x−c/12(1− x¯)−ccurrents/12S00. (3.10)
Analogously, in the limit that x¯, 1− x→ 0, needed for I(2)AB1 ,
Z → 2(c+ccurrents)/3(1− x)−ccurrents/12x¯−c/12S00. (3.11)
8It is interesting to note that this is related to the square root of the spectral form factor at time t = 2pi
which can be seen by applying discrete time evolution to the partition function [38].
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The final limit that we need is x, x¯ → 1 which may be obtained by S-transformations on
both of the characters such that
Z '
∑
h
S2h0χ0(−1/τ)χ¯0(−1/τ¯) (3.12)
→ 22c/3(1− x)−c/12(1− x¯)−c/12
∑
h
S2h0 (3.13)
We may then obtain general expressions for the saturation values of the BOMI and TOMI
using (1.25). The BOMIs are
I
(2)
AB1
= log
[
S00x
c/12(1− x¯)−c/242(ccurrents−c)/3(1− x)−(2ccurrents+c)/24
]
→ pil(2ccurrents + c)
24
+
ccurrents − c
3
log 2 + logS00, (3.14)
I
(2)
AB2
→ pil(2ccurrents + c)
24
+
ccurrents − c
3
log 2 + logS00, (3.15)
I
(2)
AB = log
[
|xAB|c/6 |1− xAB|−c/4
∑
h
S2h0
]
=
cpil
4
+ log
∑
h
S2h0. (3.16)
Thus, the TOMI is
I
(2)
3 →
pil(ccurrent − c)
6
+
2(ccurrents − c)
3
log 2 + log
S200∑
h S
2
h0
. (3.17)
For all rational CFTs, ccurrent = c, so we generically recover a constant
I
(2)
3 = log
S200∑
h S
2
h0
. (3.18)
This recovers the perfect quasi-particle picture when S00 dominates the sum in the denom-
inator, as was demonstrated for the free fermion. More complicated RCFT’s may receive
subleading contributions that lead us to a nontrivial constant. Any nontrivial constant of
TOMI is a minor violation of the quasi-particle picture because the quasi-particle picture
only describes the bipartite entanglement. Furthermore, the number of currents is always
bounded by the central charge so (3.17) is negative semi-definite. Interestingly, it shows that
the linear scaling of the tripartite mutual information may be somewhat generic, appearing
in non-holographic theories without maximal chaos. We will return to this discussion in
Sec. 4.
3.1 Minimal Models
The so-called “minimal models" represent the canonical family of RCFTs [44]. This family
of theories is parametrized by two co-prime integers p, p′. However, in order to satisfy
unitarity, we restrict to p′ = p − 1 ≡ m with m ≥ 3. The central charge lies between 1/2
(for the Ising model) and 1 (for the Runkel-Watts theory [45])
c = 1− 6
m(m+ 1)
, (3.19)
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and the conformal dimensions of the primary fields are
hr,s =
((m+ 1)r −ms)2 − 1
4m(m+ 1)
, 1 ≤ r < m− 1, 1 ≤ s < m. (3.20)
The torus partition function for diagonal minimal models is
Z(τ, τ¯) =
∑
(r,s)∈Em+1,m
χr,s(τ)χ¯r,s(τ¯) (3.21)
where Em+1,m is the set of pairs (r, s) such that
ms < (m+ 1)r. (3.22)
The characters of the minimal models are known
χr,s(τ) = Kλr,s −Kλr,−s , λr,s = (m+ 1)r −ms (3.23)
where
Kλ(τ) =
1
η(τ)
∑
n∈Z
q(Nn+λ)
2/2N , q = e2piiτ , N = 2m(m+ 1). (3.24)
3.1.1 SFF
The spectral form factor of unitary diagonal minimal models was extensively studied in
Ref. [38]. Here, we briefly reproduce their results for a representative set of parameters, but
instead of ordinary time averaging or averaging over a window of m, we perform progressive
time averaging introduced in Sec. 1 that effectively treats the rapid oscillations in the late
time.
The recurrence time of minimal models is trec = 4pim(m+ 1) [38], so for the dip-ramp-
plateau feature to emerge before trec, m must be taken to be large. Fig. 5 shows that
p = 50 provides enough room for the SFF to begin to reveal a dip-ramp-plateau structure.
In Ref. [38], it was shown that the peaks of the spectral form factor grow linearly in time.
However, these peaks become rarer and rarer as t increases, so the averaged form factor has
a sublinear ramp. Therefore, we believe that the ramp cannot be associated to the spectral
rigidity of random matrix theory. With the assumption that random matrix theory provides
the most rigid spectral statistics, we conclude that the nonlinear “ramps" that we observe
imply less rigid spectra.
3.1.2 OTOC
For the minimal models, the explicit form of the modular matrices are known
Trs;ρσ = δr,ρδs,σe
2pii(hr,s−c/24), (3.25)
Srs;ρσ = 2
√
2
m(m+ 1)
(−1)1+sρ+rσ sin
(
pi
m+ 1
m
rρ
)
sin
(
pi
m
m+ 1
sσ
)
, (3.26)
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Figure 5. The spectral form factor (blue) and its progressive time-averaged version (yellow) for
the unitary minimal models with m = 5 (left) and m = 50 (right). We see the emergence of the dip,
ramp, and plateau as we increase m. While the peaks in the non-averaged function grow linearly,
the time-averaged function is sublinear. This can be seen by the green lines which are linear in t.
The insets show the functions on linearly scaled axes.
so the full transformation needed for evaluating the OTOC is
(ST¯ 2S)11;11 =
8
m(m+ 1)
∑
(r,s)∈Em+1,m
sin2
(
pi
m+ 1
m
r
)
sin2
(
pi
m
m+ 1
s
)
e−4ipi(hr,s−c/24).
(3.27)
Our argument that led to (3.5) was rather quick, so we explicitly check this result for
minimal models.
The modular transformed partition function is
Z
(
τ
1 + 2τ
, τ¯
)
=
∑
r,s,ρ,σ
(ST¯ 2S)rs;ρσ
[
Kλr,s(τ)−Kλr,−s(τ)
][
Kλρ,σ(τ¯)−Kλρ,−σ(τ¯)
]
(3.28)
We note that in the q → 0 limit, this series is dominated by the n = 0 term for λr,s
Kλr,s(τ) ' q
λ2r,s
2N
− 1
24 . (3.29)
Terms with Kλr,−s are subdominant because their leading term (n = −1) contains higher
power of q. According to Bézout’s Lemma [46], there is a unique pair of (r0, s0) in the range
of 1 ≤ r ≤ m− 1, 1 ≤ s ≤ m that satisfies (m+ 1)r0 −ms0 = 1. In fact, we always have
r0 = 1, s0 = 1 (3.30)
which is just the identity operator as predicted by (3.5). The partition function is then well
approximated by
Z
(
τ
1 + 2τ
, τ¯
)
= (ST¯ 2S)11;11 |q|−c/12 , (3.31)
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Figure 6. The absolute value of the late-time value of the OTOC for the unitary minimal models
M(m,m+ 1) is shown according to (3.32). The OTOC asymptotes to zero as an oscillating power
law (m−1) at large m, showing enhanced scrambling.
so we confirm that
Cβ → 8
m(m+ 1)
∑
(r,s)∈Em+1,m
sin2
(
pi
m+ 1
m
r
)
sin2
(
pi
m
m+ 1
s
)
e−4ipi(hr,s−c/24). (3.32)
At large m, this late-time value asymptotes as m−1 to zero (see Fig. 6), showing that
scrambling emerges as we enlarge the Hilbert space. This is consistent with the large m
analysis for the spectral form factor.
3.1.3 TOMI
Because the minimal models are RCFTs, we can immediately apply our general formula for
the late-time value of the TOMI (3.18). Using (3.26), we find
I
(2)
3 = log
 sin2 (pim+1m ) sin2
(
pi mm+1
)
∑
hr,s
sin2
(
pim+1m r
)
sin2
(
pi mm+1s
)
 (3.33)
which is a constant that grows logarithmically with m as shown in Fig. 7. Even though in
the scaling limit the late-time value is a constant that does not depend on the input system
size, we are able to investigate the emergence of scrambling (delocalizing) behavior when
considering finite-size effects. This is done by taking the size of A, LA/, to be of order
m. In this case, sublinear scaling of the saturation value with subsystem size emerges, the
onset of scrambling (Fig. 7 left).
3.2 su(2)k
Another tractable and interesting family of RCFTs is the su(2)k Wess-Zumino-Witten mod-
els whose Hilbert space decomposes as
HWZW =
⊕
λ
Rλ ⊗Rλ. (3.34)
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Figure 7. (left) The dependence on subsystem size LA of the saturation value of TOMI for
M(m,m+1) with m = {3, 5, 7, 9} from bottom to top. The saturation to a constant occurs around
LA/ ∼ m2, before which, the growth is sublinear. (right) The saturation value in the scaling limit
using (3.18) shows logarithmic scaling with m.
In this diagonal sum, all representations appear once. The representations are labeled by
0 ≤ λ ≤ k which are equal to twice the spin. The central charge and conformal weights of
the theory are given by
c =
3k
k + 2
, h
(k)
λ =
λ(λ+ 2)
4(k + 2)
. (3.35)
Given the above Hilbert space decomposition, the partition function is the diagonal modular
invariant
ZWZW =
k∑
λ=0
χ
(k)
λ (τ)χ¯
(k)
λ (τ¯), (3.36)
with characters given by
χ
(k)
λ (q) =
q(λ+1)
2/4(k+2)
η(q)3
∞∑
n=−∞
(λ+ 1 + 2n(k + 2))qn[λ+1+(k+2)n] (3.37)
3.2.1 SFF
One can determine the recurrence time of the spectral form factor from the common de-
nominator of the powers of q = e−it−β in (3.37)
trec = 4pi(k + 2). (3.38)
The growing of the recurrence time with k suggests that we may find emergent irrational
structure in the spectral form factor if we take k to be large enough. Fig. 8 demonstrates
this emergence after progressive time averaging. We note that the “ramp" is superlinear,
reflecting a weaker rigidity of the spectrum.
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Figure 8. Spectral form factor (blue) its progressive time-averaged version (yellow), and linear-in-t
curve (green, for comparison with the ramp) for su(2)k with k = 3 (left) and k = 50 (right). The
dip, ramp, and plateau emerge, but the ramp is superlinear. The insets display the linearly scaled
axes.
We can analytically approximate the initial decrease in the large-k limit. For any fixed
finite value of β, the sum over characters may be well approximated by an integral
Z =
k∑
λ=0
(qq¯)(λ+1)
2/4(k+2)
|η(q)|6 (λ+ 1)→
1
|η(q)|6
∫ k
0
dλ (qq¯)(λ+1)
2/4(k+2) (λ+ 1) (3.39)
=
2(2 + k)
(
(qq¯)
(1+k)2
4(2+k) − (qq¯) 14(2+k)
)
|η(q)|6 log (qq¯) ' −
2k (qq¯)
1
4(2+k)
|η(q)|6 log (qq¯) (3.40)
This leads to t−2 scaling at early times. Unfortunately, we are unable to fully understand
the ramp from this analysis.
3.2.2 OTOC
For the OTOC, we are concerned with the q → 0 limit where the n = 0 term in the
characters is always dominates because the minimum at
∂n (n(λ+ 1 + (k + 2)n)) = 0 (3.41)
is always ∈ (−1/2, 1/2), so
χ
(k)
λ (q)→
q(λ+1)
2/4(k+2)
η(q)3
(λ+ 1). (3.42)
Likewise, in the modular invariant, the 00 term dominates
Z
(
τ
1 + 2τ
, τ¯
)
→ (ST¯ 2S)00 q
1/4(k+2)
η(q)3
q¯1/4(k+2)
η(q¯)3
(3.43)
The modular matrices are known functions for su(2)k WZW models
Tλµ = δλµe2piimλ , Sλµ =
√
2
k + 2
sin
(
pi(λ+ 1)(µ+ 1)
(k + 2)
)
(3.44)
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Figure 9. The absolute value of the OTOC at late times for the su(2)k WZW model (3.48). Note
the parity effect.
where mλ is the modular anomaly
mλ =
(λ+ 1)2
4(k + 2)
. (3.45)
The modular transformation needed is then
(ST¯ 2S)00 =
2
k + 2
k∑
λ=0
e−
pii(λ+1)2
k+2 sin
(
pi(λ+ 1)
k + 2
)
(3.46)
The late-time OTOC is
Cβ → 2−2k/(k+2) |z|k/2(k+2) (ST¯ 2S)00 q
1/4(k+2)
η(q)3
q¯1/4(k+2)
η(q¯)3
(3.47)
To leading order, the Dedekind eta function is just q1/24, so we may confirm that
Cβ(t→∞) '
k∑
λ=0
e−
pii(λ+1)2
k+2 sin
(
pi(λ+ 1)
k + 2
)
(3.48)
which has an interesting parity effect. For odd values of k, the late-time value is zero, while
for even values, it is finite, though decreasing with k. This is shown in Fig. 9. We note that
a similar parity effect was found for the compactified boson at rational radius in Ref. [36].
One may worry that the trivial late-time value is merely an artifact of us taking the
leading order term and higher order terms in the partition function will correct this. How-
ever, all higher order terms contain additional positive powers of q that will exponential
decay to zero.
3.2.3 TOMI
We investigate the scaling of TOMI as we increase the level. We can use our general formula
for RCFT (3.18) and explicitly evaluate the sum to find
I3 = − log
csc
(
pi
2+k
)2 (
3 + 2k − csc
(
pi
2+k
)
sin
(
(3+2k)pi
2+k
))
4
 . (3.49)
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Figure 10. Left: (blue) the late-time value of TOMI in the scaling limit grows logarithmically with
k (3.49). Right: k = {1, 10, 20} from bottom to top. Saturation occurs around k ∼ LA/, before
which, there is sublinear growth. When subsystem size overcomes the size of the local Hilbert space
size, the TOMI saturates.
In the large-k limit, this scales as
I3 → − log
[
k3
2pi2
]
(3.50)
As for the minimal models, it is also of interest to understand how TOMI depends
on the subsystem size LA before taking the scaling limit. There is sublinear scaling with
system size when LA/ is less than the level (Fig. 10 right). Again, this shows the interplay
between local Hilbert space size and subsystem size in the onset of scrambling.
4 Irrational CFT (c <∞)
Unfortunately, our abilities to characterize irrational conformal field theories are somewhat
limited compared to rational CFTs. This is largely due to the absence of explicit construc-
tions of modular invariant partition functions of such theories. We will first make some
general arguments based solely on the partition function and the number of conserved cur-
rents. Then, we choose the tractable and interesting example of the compactified boson at
irrational radius. In the next section, we study CFTs at large central charge possessing a
weakly-coupled gravity dual. These will serve as the extreme limiting behavior of irrational
CFTs.
SFF For generic irrational CFTs, there is not a lot we can say for sure about the spectral
form factor. One thing that distinguishes it from the RCFTs is the infinite number of
characters in the partition function. This leads to the recurrence time of the spectral form
factor to generically be infinite. Moreover, there is an expectation that generic irrational
CFTs will possess random matrix theory statistics; thus, they should display a dip, linear
ramp, and plateau. We currently do not have more quantitative generic results to report.
OTOC If we restrict ourselves to theories with central charge larger than 1 and no con-
served currents beyond the stress tensor, general statements may be made about the late-
time value of the OTOC for twist-fields. Without specifying any particular theory, the
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OTOC may be computed by taking advantage of the Regge limit of the dominant confor-
mal block in the four-point function [41]
Cβ(x, t)→

e
−h2αW 2pitβ , αW < Q4
e
−h2αV 2pitβ , αV < Q4
e
−Q2
4
2pit
β t−
3
2 , αW , αV >
Q
4
(4.1)
where we are using Liouville coordinates
c = 1 + 6Q2, Q = b+ b−1, hα = α(Q− α). (4.2)
The exponential decay is therefore a generic feature of irrational CFTs regardless of the
operators used. For twist fields of the Z2 orbifold, we have
ασ2 =
1
2
(
Q− 1
2
√
−1− 2Q2
)
, (4.3)
the real part of which is always greater than Q/4 as long as c > 1. Thus, we generically
find that the OTOC decays to zero at late times as9
Cβ → e−
pi(c−1)t
12β t−
3
2 . (4.4)
TOMI We resume our discussion from Sec. 3 regarding general statements about oper-
ator entanglement in irrational CFTs. Some of the arguments for RCFT will not follow
through to irrational CFTs due to the infinite number of characters and nontrivial modular
transformations. However, we can make generic bounds. For the BOMI, we have
0 ≤ IAB1 , IAB2 ≤
pil(2ccurrents + c)
24
+
ccurrents − c
3
log 2 + logS00. (4.5)
The lower bound is enforced by positivity of mutual information and represents maximal
scrambling. The upper bound is nontrivial and shows that decreasing the number of con-
served currents increases the information scrambling. The quasi-particle picture is recovered
for ccurrents = c. We may also bound the TOMI between the quasi-particle picture and the
linear result (3.17)
0 ≥ I3 ≥ −picl
4
+ log
S200∑
h S
2
h0
. (4.6)
4.1 Compactified boson
Though the compactified boson has an infinite number of representations, we stress that it
is not a a typical representative of the scrambling and chaos believed to exist in irrational
CFTs. In particular, it is different than the CFTs discussed above because ccurrents = c = 1.
Nevertheless, the compactified boson is an interesting model to study because we can tune
9The power of −3/2 is related to the universal behavior of Virasoro blocks at late times numerically
observed in Ref. [47].
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the rationality of the theory by the rationality of the square of the compactification radius
η10. The partition function for the compact boson is
Zη(τ, τ¯) = Θ(0|T )|η(τ)|2 (4.7)
where
Θ(0|T ) =
∑
µ,ν∈Z
exp
[
piiτ
2
(
ν
√
η +
µ√
η
)2]
exp
[
−piiτ¯
2
(
ν
√
η − µ√
η
)2]
=
∑
µ,ν∈Z
exp
[
ipi (ν µ)T
(
ν
µ
)]
(4.8)
and the modular matrix is
T =
(
η τ−τ¯2
τ+τ¯
2
τ+τ¯
2
1
η
τ−τ¯
2
)
. (4.9)
4.1.1 SFF
We compare the spectral form factor for the compact boson for rational and irrational
radii in Fig. 11. The rational case clearly shows periodic behavior, thus a finite recurrence
time, while the irrational case is less regular at late times, giving trec = ∞ as one would
hope. Even so, the irrational compact boson does not show any obvious ramp structure,
though it has a dip and plateau. As these are numerical observations, one may worry
that we are unable to properly observe the irrational radius because computers only know
rational numbers. However, we note that this is merely another example of rational theories
appearing irrational in certain limits, analogous to the large m and k limits from Sec. 3.
While the numbers used must be rational, the relatively prime numerators and denominators
are large, mimicking an irrational theory.
4.1.2 OTOC
The OTOC for twist fields for the compactified boson CFT has been sufficiently studied
in Ref. [36]. This is where the idea for using twist fields as the operators in the OTOC
originated. For completeness, we reproduce the results. For rational radius (η = p/p′), the
OTOC has a parity effect similar to su(2)k
Cβ →
{
1
pp′ , pp
′ ∈ 2Z
0, pp′ ∈ 2Z+ 1
. (4.10)
For irrational η
Cβ → − pi
2 log
(
− 12∗3416 e−
2pi(t−x)
β
) (4.11)
10We recommend the reader be careful as we have used the same symbol here as we are using for the
Dedekind eta functions that are used throughout.
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Figure 11. Spectral form factor (blue) and its progressive time-averaged version (yellow) for (left)
rational (η = 3) and (right) irrational (η = pi) compactified boson theories. For progressive time
averaging, we use α = 0.9. Clearly, the spectral form factor has finite recurrence for the rational
radius. It has infinite recurrence time for irrational radius. The inset shows linear axes scaling for
the irrational case.
which describes a polynomial decay to 0. This shows the intermediate scrambling behavior
of the compact boson at irrational radius. It is not exponential like generic irrational CFTs,
but it is also not a constant like RCFTs. This is similar to the spectral form factor which
had infinite recurrence time, but no dip-ramp-plateau structure.
4.1.3 TOMI
The operator entanglement for the compactified boson at both rational and irrational radii
has been extensively studied in Ref. [29]. Again, we reproduce the results for completeness,
now with an understanding from (3.18) where the rational result originates from. For
rational η
I
(2)
3 =

−2 log pp′, 2pp′, η  LA/
−2 logLA/, η  LA/ 2pp′
− log ηLA/, LA/ η, 2pp′
(4.12)
This clearly shows the emergence of irrational behavior when the local Hilbert space dimen-
sion is larger than the subsystem, just like minimal models and WZW models. We expect
this to be a generic features of quantum systems. For the irrational η
I
(2)
3 =
{
−2 logLA/, η  LA/
− log ηLA/, LA/ η
. (4.13)
5 Holographic CFT
We conclude with analysis of conformal field theories at large central charge and possessing
a semiclassical holographic dual. Understanding this class of CFTs has recently been been
a central motivation in studying quantum many-body chaos. It is an open question as to
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which criteria are sufficient for a conformal field theories to admit a holographic dual de-
scribing smooth Einstein gravity (beyond the large N constraint [48]). Significant progress
has been made on constraining the spectrum of candidate CFTs by considering the 3d
gravitational thermal partition function [49] where it was determined that holographic 2D
CFTs must have suitably sparse low-lying spectra. An intriguing additional criterion was
proposed in Ref. [5] stating that the dual CFTs must be maximally chaotic in that they
saturate the chaos bound
λL ≤ 2pi
β
. (5.1)
This is in the same line of thought as thinking of black holes as natures fastest scram-
blers [50]. It is then fruitful to investigate what the torus partition function tells us about
holographic CFTs. The beauty of holography is that we do not need to know the precise
microscopic theory on the boundary to have certain analytic control of the partition func-
tion. This is due to the basic entry in the AdS/CFT dictionary that the partition functions
are equal
ZAdS = ZCFT . (5.2)
Thus, the CFT partition function on the torus is equal to the gravity partition function
on the solid torus. This partition function is also parametrized by the modular parameter
and has been studied extensively in the literature. Famously, the Hawking-Page transition
describes how the dominant bulk saddle point switches at τ = 2piβ from “filling in" the torus
with a thermal gas with periodic Euclidean time to the BTZ black hole geometry [51, 52].
From the CFT perspective, this corresponds to a modular S transformation of the vacuum
character
χ0 = e
− ipicτ
12 . (5.3)
Each bulk saddle is not modular invariant on its own, but one way to construct a modular
invariant function is to compute a Poincaré series, summing over all modular transforma-
tions of the vacuum character corresponding to thermal AdS
Z (τ, τ¯) =
∑
PSL(2,Z)
χ0(γ(τ))χ¯0(γ(τ¯)), (5.4)
where PSL(2,Z) takes values in the modular group
γ(τ) =
aτ + b
cτ + d
, ad− bc = 1. (5.5)
These sums, for example, have been of some interest in the search for a theory of pure
quantum gravity in three dimensions, i.e. a dynamical metric and no additional quantum
fields [53, 54]. Due to the large-c nature of the characters, only one character will dominate
the partition function at a given “time." As it turns out [12], the Hawking-Page transitions
is the only possible phase transition when the cross-ratios are between 0 and 1. This
corresponds to purely imaginary modular parameters. In this case, the partition function
(at tree level) is an optimization
Z(τ, τ¯) = exp
[pic
12
max
[
iτ−1 − iτ¯−1, iτ¯ − iτ]] . (5.6)
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Figure 12. The (normalized) spectral form factor for thermal AdS (blue), the BTZ black hole
(yellow), and many saddles (green). The “plateau" decays at large times, showing information loss.
We take c = 25 and β = 1.
5.1 SFF
The spectral form factor for holographic CFTs is particularly interesting because, in theory,
it should probe the fine-grained structure of the spectrum of quantum gravity. In particular,
a plateau should emerge due to the expected discreteness of the spectrum. This is related
to one form of the information paradox formalized by Maldacena [55]. In Ref. [42], the
spectral form factor for AdS3 gravity was carefully studied and it was shown that one must
consider saddle points well beyond just Thermal AdS and the BTZ black hole. These
become important because the modular parameter in not purely imaginary in the analytic
continuation for the spectral form factor (1.15). In particular, the spectral form factor
does not display the characteristic ramp and plateau if one only considers these leading
saddle for the partition function [42]. Rather, only the universal early-time decay is found.
Each saddle in the Poincaré series enjoys the spotlight momentarily; even so, the plateau
decays away (Fig. 12), so “information restoration" from this perspective is beyond present
understanding.
5.2 OTOC
For the OTOC, the cross-ratios may be complex, so, in principle, the subleading saddles
may become important. However, we find that this is not the case and the Thermal AdS
character dominates the partition function at all relevant times11. At late times,
ZTAdS
(
τ
1 + 2τ
, τ¯
)
= exp
[
−pic
12
(
i
τ
1 + 2τ
− iτ¯
)]
' exp
 c
12
 α+ 2piβ (t− x)(
1 + 2ipi
(
α+ 2piβ (t− x)
)) + α+ 2pi
β
(t+ x)
 , (5.7)
11This auxiliary Thermal AdS partition function needed to compute the OTOC should not be confused
with the physical partition function of the state which is the BTZ black hole because we are in the high-
temperature regime.
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where we have defined
α ≡ log
(
16
−∗1234
)
. (5.8)
Thus, the late-time behavior of the OTOC is
Cβ = 2
−2c/3 |1− z|−c/12 |z|c/6 exp
 c
12
 α+ 2piβ (t− x)(
1 + 2ipi
(
α+ 2piβ (t− x)
)) + α+ 2pi
β
(t+ x)

= 2−2c/3
(
(1 + e−(2pi/β)(t−x)∗1234)(1 + e
−(2pi/β)(t+x)∗1234)
)−c/24 (
e−(2pi/β)(t)∗1234
)c/6
× exp
 c
12
 α+ 2piβ (t− x)(
1 + 2ipi
(
α+ 2piβ (t− x)
)) + α+ 2pi
β
(t+ x)
 (5.9)
sending the regulators to zeros and taking t x, we find the scaling
Cβ ∝ e−2pict/12β (5.10)
This is consistent with the general result for irrational CFTs (4.4) once we take the large-c
limit and recall that we are in the Z2 orbifold theory, so the central charge is doubled.
Interestingly, the exponent is different from the late-time behavior of the OTOC of heavy
and light operators which scales as
Cβ ∝ e−2pi∆Ot/β. (5.11)
This follows from large-c analysis of the first two lines of (4.4). The distinction between
(5.10) and (5.11) may be attributed to the fact that all four twist operators scale linearly
with the central charge.
5.3 TOMI
Operator mutual information was first computed for holographic CFTs in Ref. [29]. The
dynamical behavior strongly violates the quasi-particle picture and displays maximal scram-
bling. This was later explained in the context of an effective “line-tension picture" [28, 56–58]
in Ref. [30]. It is further illuminating to understand the operator entanglement for holo-
graphic theories and its phase transitions in terms of the torus partition function. Luckily,
the cross-ratios (1.26) are always real and between 0 and 1, so the only possible dominant
saddles are the familiar thermal AdS and BTZ black hole. Interestingly, we find that the
Thermal AdS partition function reproduces only the quasi-particle picture
I
(TAdS)
3 = 0. (5.12)
Therefore, the BTZ contribution is necessary for reproducing the maximal scrambling re-
sults of Ref. [29]. In Fig. 13, we show the bipartite operator mutual information for sym-
metric intervals. The mutual information decays linearly until it hits zero where there is
a sharp transition. In general, for bipartite mutual information in holography, there are
– 27 –
5 10 15 20 25 30
5
10
15
20
25
30
35
Figure 13. Left: the operator mutual information for symmetric intervals of length 10. Right: The
corresponding contributions to the torus partition function. We see the Hawking-Page transition
occur as the mutual information transitions for decreasing to constant (zero). In general, there will
be a “kink" in the operator mutual information that corresponds to the Hawking-Page transition.
Note that all higher saddles are exponentially suppressed and never meaningfully contribute to the
operator entanglement.
sharp “kinks" [29, 30]. By studying the torus partition function, we have identified one of
these entropic phase transitions with the Hawking-Page transition.
Having found the dominant contributions, let us compute the late-time value of TOMI.
The bipartite operator entanglement is
I(2)(t) = log
[
|x|c/6 ∣∣28(1− x)∣∣−c/12 (ZTAdS(τ, τ¯) + ZBTZ(τ, τ¯))]
= log
[
|x|c/6 ∣∣28(1− x)∣∣−c/12]+ pic
12
(
K(x)
K(1− x) +
K(1− x)
K(x)
+
K(x¯)
K(1− x¯) +
K(1− x¯)
K(x¯)
)
.
(5.13)
As we did in Sec. 3, for definiteness, let us take A = (0, l), B1 = (−∞, 0), B2 = (0,∞).
Again, the late-time behavior will be independent of this choice. The relevant cross-ratios
are (3.7). The late time behavior for the semi-infinite subsystems are dominated by the
thermal AdS partition function, leading to information loss, while the full output system
mutual information is dominated by the BTZ contribution and all information is retained.
We consequently find
I
(2)
AB1
→ picl
24
, I
(2)
AB2
→ picl
24
, I
(2)
AB →
picl
4
, I
(2)
3 → −
picl
6
. (5.14)
This is a surprising result that we need to unpack. First, note that I(2)3 is proportional
to the subsystem size. This implies that an extensive amount of quantum information is
scrambled by the holographic channel and is consistent with the results from Refs. [29, 30].
More interestingly, we see that I(2)3 does not saturate the fundamental bound from (4.6).
This is not an artifact of the bounds derived not being tight. For example, all Rényi
TOMIs were found to saturate the lower bound for random unitary circuits in Ref. [30].
The non-saturation is instead an artifact of I(2)AB1 and I
(2)
AB2
being positive at late times.
This means that an extensive amount of information about region A remains localized at
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late times. This is in tension with the common lore regarding the chaoticity of holographic
conformal field theories and is the first example, to our knowledge, of holographic theories
not appearing maximally chaotic.
6 Discussion
There are many open questions that we have left for future work. One particular short-
coming of our work is that we have not understood the early-time chaos regime where
the quantum Lyapunov exponent may be detected. It would be fascinating to understand
systematically how the Lyapunov exponent and scrambling time emerge from the torus par-
tition function. This could lead to further understanding of the chaos bound and theories
which do not saturate the bound. More generally, it is of great interest to provide a more
precise dictionary between the quantities. Some of the measures may prove to be redundant
and others novel.
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